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Exercise 3

Use Table A.7-2 to write down directly the following quantities in cylindrical coordinates:

(a) (∇ · ρv), where ρ is a scalar (b) [∇ · ρvv]r, where ρ is a scalar
(c) [∇ · pδ]θ, where p is a scalar (d) (∇ · [τ · v])
(e) [v ·∇v]θ (f) ∇v + (∇v)†

Solution

In cylindrical coordinates the nabla operator is

∇ = δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z
,

a general vector in the coordinate system is

v = δrvr + δθvθ + δzvz,

the unit tensor is

δ = δrδr + δθδθ + δzδz,

and a general second-order tensor in the coordinate system is

τ = δrδrτrr + δrδθτrθ + δrδzτrz

+ δθδrτθr + δθδθτθθ + δθδzτθz

+ δzδrτzr + δzδθτzθ + δzδzτzz.

The partial derivatives of δr, δθ, and δz in cylindrical coordinates are given by equations A.7-1,
A.7-2, and A.7-3,

∂δr
∂r

= 0
∂δθ
∂r

= 0
∂δz
∂r

= 0 (A.7-1)

∂δr
∂θ

= δθ
∂δθ
∂θ

= −δr
∂δz
∂θ

= 0 (A.7-2)

∂δr
∂z

= 0
∂δθ
∂z

= 0
∂δz
∂z

= 0. (A.7-3)

Part (a)

∇ · ρv =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· ρ(δrvr + δθvθ + δzvz)

= δr ·
∂

∂r
(δrρvr + δθρvθ + δzρvz)

+
δθ
r

· ∂
∂θ

(δrρvr + δθρvθ + δzρvz)

+ δz ·
∂

∂z
(δrρvr + δθρvθ + δzρvz)

www.stemjock.com



BSL Transport Phenomena 2e Revised: Appendix A.7 - Exercise 3 Page 2 of 9

Apply the product rule.

∇ · ρv = δr ·
[
∂δr
∂r

ρvr + δr
∂

∂r
(ρvr) +

∂δθ
∂r

ρvθ + δθ
∂

∂r
(ρvθ) +

∂δz
∂r

ρvz + δz
∂

∂r
(ρvz)

]
+

δθ
r

·
[
∂δr
∂θ

ρvr + δr
∂

∂θ
(ρvr) +

∂δθ
∂θ

ρvθ + δθ
∂

∂θ
(ρvθ) +

∂δz
∂θ

ρvz + δz
∂

∂θ
(ρvz)

]
+ δz ·

[
∂δr
∂z

ρvr + δr
∂

∂z
(ρvr) +

∂δθ
∂z

ρvθ + δθ
∂

∂z
(ρvθ) +

∂δz
∂z

ρvz + δz
∂

∂z
(ρvz)

]
Use equations A.7-1, A.7-2, and A.7-3 here.

= δr ·
[
δr
∂

∂r
(ρvr) + δθ

∂

∂r
(ρvθ) + δz

∂

∂r
(ρvz)

]
+

δθ
r

·
[
δθρvr + δr

∂

∂θ
(ρvr)− δrρvθ + δθ

∂

∂θ
(ρvθ) + δz

∂

∂θ
(ρvz)

]
+ δz ·

[
δr

∂

∂z
(ρvr) + δθ

∂

∂z
(ρvθ) + δz

∂

∂z
(ρvz)

]
Evaluate the dot products.

=
∂

∂r
(ρvr)

+
1

r

[
ρvr +

∂

∂θ
(ρvθ)

]
+

∂

∂z
(ρvz)

Distribute 1/r.

=
∂

∂r
(ρvr) +

1

r
ρvr +

1

r

∂

∂θ
(ρvθ) +

∂

∂z
(ρvz)

Factor 1/r from the first two terms.

=
1

r

[
r
∂

∂r
(ρvr) + ρvr

]
+

1

r

∂

∂θ
(ρvθ) +

∂

∂z
(ρvz)

Use the product rule to write the expression compactly and obtain the final result for the
divergence of ρv in cylindrical coordinates.

∇ · ρv =
1

r

∂

∂r
(rρvr) +

1

r

∂

∂θ
(ρvθ) +

∂

∂z
(ρvz)

Part (b)

∇ · ρvv =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· ρ(δrvr + δθvθ + δzvz)(δrvr + δθvθ + δzvz)

=

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· ρ(δrδrv2r + δrδθvrvθ + δrδzvrvz

+ δθδrvθvr + δθδθv
2
θ + δθδzvθvz

+ δzδrvzvr + δzδθvzvθ + δzδzv
2
z)
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∇ · ρvv = δr ·
∂

∂r
(δrδrρv

2
r + δrδθρvrvθ + δrδzρvrvz + δθδrρvθvr + δθδθρv

2
θ + δθδzρvθvz

+ δzδrρvzvr + δzδθρvzvθ + δzδzρv
2
z)

+
δθ
r

· ∂
∂θ

(δrδrρv
2
r + δrδθρvrvθ + δrδzρvrvz + δθδrρvθvr + δθδθρv

2
θ + δθδzρvθvz

+ δzδrρvzvr + δzδθρvzvθ + δzδzρv
2
z)

+ δz ·
∂

∂z
(δrδrρv

2
r + δrδθρvrvθ + δrδzρvrvz + δθδrρvθvr + δθδθρv

2
θ + δθδzρvθvz

+ δzδrρvzvr + δzδθρvzvθ + δzδzρv
2
z)

Apply the product rule.

= δr ·
[
∂δr
∂r

δrρv
2
r + δr

∂δr
∂r

ρv2r + δrδr
∂

∂r
(ρv2r ) +

∂δr
∂r

δθρvrvθ + δr
∂δθ
∂r

ρvrvθ + δrδθ
∂

∂r
(ρvrvθ) + · · ·

]
+

δθ
r

·
[
∂δr
∂θ

δrρv
2
r + δr

∂δr
∂θ

ρv2r + δrδr
∂

∂θ
(ρv2r ) +

∂δr
∂θ

δθρvrvθ + δr
∂δθ
∂θ

ρvrvθ + δrδθ
∂

∂θ
(ρvrvθ) + · · ·

]
+ δz ·

[
∂δr
∂z

δrρv
2
r + δr

∂δr
∂z

ρv2r + δrδr
∂

∂z
(ρv2r ) +

∂δr
∂z

δθρvrvθ + δr
∂δθ
∂z

ρvrvθ + δrδθ
∂

∂z
(ρvrvθ) + · · ·

]
Use equations A.7-1, A.7-2, and A.7-3 and evaluate the dot products.

= δr
∂

∂r
(ρv2r ) + δθ

∂

∂r
(ρvrvθ) + δz

∂

∂r
(ρvrvz)

+
1

r

[
δrρv

2
r + δθρvrvθ + δzρvrvz + δθρvθvr + δr

∂

∂θ
(ρvθvr)− δrρv

2
θ + δθ

∂

∂θ
(ρv2θ) + δz

∂

∂θ
(ρvθvz)

]
+ δr

∂

∂z
(ρvzvr) + δθ

∂

∂z
(ρvzvθ) + δz

∂

∂z
(ρv2z)

We only care about the r-component of ∇ · ρvv, so only the terms with δr remain.

[∇ · ρvv]r =
∂

∂r
(ρv2r ) +

1

r

[
ρv2r +

∂

∂θ
(ρvθvr)− ρv2θ

]
+

∂

∂z
(ρvzvr)

=
∂

∂r
(ρv2r ) +

ρv2r
r

+
1

r

∂

∂θ
(ρvθvr)−

ρv2θ
r

+
∂

∂z
(ρvzvr)

=
1

r

[
r
∂

∂r
(ρv2r ) + ρv2r

]
+

1

r

∂

∂θ
(ρvθvr)−

ρv2θ
r

+
∂

∂z
(ρvzvr)

Therefore,

[∇ · ρvv]r =
1

r

∂

∂r
(rρv2r ) +

1

r

∂

∂θ
(ρvθvr)−

ρv2θ
r

+
∂

∂z
(ρvzvr).
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Part (c)

∇ · pδ =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· p(δrδr + δθδθ + δzδz)

=

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· (δrδrp+ δθδθp+ δzδzp)

= δr ·
∂

∂r
(δrδrp+ δθδθp+ δzδzp)

+
δθ
r

· ∂
∂θ

(δrδrp+ δθδθp+ δzδzp)

+ δz ·
∂

∂z
(δrδrp+ δθδθp+ δzδzp)

Apply the product rule.

= δr ·
(
∂δr
∂r

δrp+ δr
∂δr
∂r

p+ δrδr
∂p

∂r
+
∂δθ
∂r

δθp+ δθ
∂δθ
∂r

p+ δθδθ
∂p

∂r
+
∂δz
∂r

δzp+ δz
∂δz
∂r

p+ δzδz
∂p

∂r

)
+

δθ
r

·
(
∂δr
∂θ

δrp+ δr
∂δr
∂θ

p+ δrδr
∂p

∂θ
+
∂δθ
∂θ

δθp+ δθ
∂δθ
∂θ

p+ δθδθ
∂p

∂θ
+
∂δz
∂θ

δzp+ δz
∂δz
∂θ

p+ δzδz
∂p

∂θ

)
+ δz ·

(
∂δr
∂z

δrp+ δr
∂δr
∂z

p+ δrδr
∂p

∂z
+
∂δθ
∂z

δθp+ δθ
∂δθ
∂z

p+ δθδθ
∂p

∂z
+
∂δz
∂z

δzp+ δz
∂δz
∂z

p+ δzδz
∂p

∂z

)
Use equations A.7-1, A.7-2, and A.7-3 here.

= δr ·
(
δrδr

∂p

∂r
+ δθδθ

∂p

∂r
+ δzδz

∂p

∂r

)
+

δθ
r

·
(
���δθδrp+ δrδθp+ δrδr

∂p

∂θ
− δrδθp−���δθδrp+ δθδθ

∂p

∂θ
+ δzδz

∂p

∂θ

)
+ δz ·

(
δrδr

∂p

∂z
+ δθδθ

∂p

∂z
+ δzδz

∂p

∂z

)
Evaluate the dot products. The unit vector in front of the parentheses is dotted with the first
unit vector in each dyad.

= δr
∂p

∂r

+
1

r

(
δθ
∂p

∂θ

)
+ δz

∂p

∂z

Hence,

∇ · pδ = δr
∂p

∂r
+

δθ
r

∂p

∂θ
+ δz

∂p

∂z
.

The θ-component is what we care about. Therefore,

[∇ · pδ]θ =
1

r

∂p

∂θ
.
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Part (d)

The strategy here is to find τ · v first and then take the divergence of it.

τ · v = (δrδrτrr + δrδθτrθ + δrδzτrz

+ δθδrτθr + δθδθτθθ + δθδzτθz

+ δzδrτzr + δzδθτzθ + δzδzτzz) · (δrvr + δθvθ + δzvz)

= [(δrτrr + δθτθr + δzτzr)δr

+ (δrτrθ + δθτθθ + δzτzθ)δθ

+ (δrτrz + δθτθz + δzτzz)δz] · (δrvr + δθvθ + δzvz)

= (δrτrr + δθτθr + δzτzr)vr

+ (δrτrθ + δθτθθ + δzτzθ)vθ

+ (δrτrz + δθτθz + δzτzz)vz

= δr(τrrvr + τrθvθ + τrzvz) + δθ(τθrvr + τθθvθ + τθzvz) + δz(τzrvr + τzθvθ + τzzvz)

Now we’re ready to take the divergence.

∇ · [τ · v] =
(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
· [δr(τrrvr + τrθvθ + τrzvz)

+ δθ(τθrvr + τθθvθ + τθzvz)

+ δz(τzrvr + τzθvθ + τzzvz)]

= δr ·
∂

∂r
[δr(τrrvr + τrθvθ + τrzvz) + δθ(τθrvr + τθθvθ + τθzvz) + δz(τzrvr + τzθvθ + τzzvz)]

+
δθ
r

· ∂
∂θ

[δr(τrrvr + τrθvθ + τrzvz) + δθ(τθrvr + τθθvθ + τθzvz) + δz(τzrvr + τzθvθ + τzzvz)]

+ δz ·
∂

∂z
[δr(τrrvr + τrθvθ + τrzvz) + δθ(τθrvr + τθθvθ + τθzvz) + δz(τzrvr + τzθvθ + τzzvz)]

Apply the product rule.

= δr ·
[
∂δr
∂r

(τrrvr + τrθvθ + τrzvz) + δr
∂

∂r
(τrrvr + τrθvθ + τrzvz) +

∂δθ
∂r

(τθrvr + τθθvθ + τθzvz)

+ δθ
∂

∂r
(τθrvr + τθθvθ + τθzvz) +

∂δz
∂r

(τzrvr + τzθvθ + τzzvz) + δz
∂

∂r
(τzrvr + τzθvθ + τzzvz)

]
+

δθ
r

·
[
∂δr
∂θ

(τrrvr + τrθvθ + τrzvz) + δr
∂

∂θ
(τrrvr + τrθvθ + τrzvz) +

∂δθ
∂θ

(τθrvr + τθθvθ + τθzvz)

+ δθ
∂

∂θ
(τθrvr + τθθvθ + τθzvz) +

∂δz
∂θ

(τzrvr + τzθvθ + τzzvz) + δz
∂

∂θ
(τzrvr + τzθvθ + τzzvz)

]
+ δz ·

[
∂δr
∂z

(τrrvr + τrθvθ + τrzvz) + δr
∂

∂z
(τrrvr + τrθvθ + τrzvz) +

∂δθ
∂z

(τθrvr + τθθvθ + τθzvz)

+ δθ
∂

∂z
(τθrvr + τθθvθ + τθzvz) +

∂δz
∂z

(τzrvr + τzθvθ + τzzvz) + δz
∂

∂z
(τzrvr + τzθvθ + τzzvz)

]
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Use equations A.7-1, A.7-2, and A.7-3 here.

∇ · [τ · v] = δr ·
[
δr
∂

∂r
(τrrvr + τrθvθ + τrzvz) + δθ

∂

∂r
(τθrvr + τθθvθ + τθzvz) + δz

∂

∂r
(τzrvr + τzθvθ + τzzvz)

]
+

δθ
r

·
[
δθ(τrrvr + τrθvθ + τrzvz) + δr

∂

∂θ
(τrrvr + τrθvθ + τrzvz)− δr(τθrvr + τθθvθ + τθzvz)

+ δθ
∂

∂θ
(τθrvr + τθθvθ + τθzvz) + δz

∂

∂θ
(τzrvr + τzθvθ + τzzvz)

]
+ δz ·

[
δr

∂

∂z
(τrrvr + τrθvθ + τrzvz) + δθ

∂

∂z
(τθrvr + τθθvθ + τθzvz) + δz

∂

∂z
(τzrvr + τzθvθ + τzzvz)

]
Evaluate the dot products.

=
∂

∂r
(τrrvr + τrθvθ + τrzvz)

+
1

r

[
(τrrvr + τrθvθ + τrzvz) +

∂

∂θ
(τθrvr + τθθvθ + τθzvz)

]
+

∂

∂z
(τzrvr + τzθvθ + τzzvz)

Distribute 1/r.

=
∂

∂r
(τrrvr + τrθvθ + τrzvz) +

1

r
(τrrvr + τrθvθ + τrzvz) +

1

r

∂

∂θ
(τθrvr + τθθvθ + τθzvz)

+
∂

∂z
(τzrvr + τzθvθ + τzzvz)

Factor 1/r from the first two terms.

=
1

r

[
r
∂

∂r
(τrrvr + τrθvθ + τrzvz) + τrrvr + τrθvθ + τrzvz

]
+

1

r

∂

∂θ
(τθrvr + τθθvθ + τθzvz)

+
∂

∂z
(τzrvr + τzθvθ + τzzvz)

Use the product rule to write the expression compactly. Therefore,

∇ · [τ ·v] = 1

r

∂

∂r
[r(τrrvr + τrθvθ + τrzvz)] +

1

r

∂

∂θ
(τθrvr + τθθvθ + τθzvz) +

∂

∂z
(τzrvr + τzθvθ + τzzvz).

Part (e)

v ·∇v = (δrvr + δθvθ + δzvz) ·
(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
(δrvr + δθvθ + δzvz)

= (δrvr + δθvθ + δzvz) ·
[
δr
∂

∂r
(δrvr + δθvθ + δzvz)

+
δθ
r

∂

∂θ
(δrvr + δθvθ + δzvz)

+ δz
∂

∂z
(δrvr + δθvθ + δzvz)

]
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Apply the product rule.

= (δrvr + δθvθ + δzvz) ·
[
δr

(
∂δr
∂r

vr + δr
∂vr
∂r

+
∂δθ
∂r

vθ + δθ
∂vθ
∂r

+
∂δz
∂r

vz + δz
∂vz
∂r

)
+

δθ
r

(
∂δr
∂θ

vr + δr
∂vr
∂θ

+
∂δθ
∂θ

vθ + δθ
∂vθ
∂θ

+
∂δz
∂θ

vz + δz
∂vz
∂θ

)
+ δz

(
∂δr
∂z

vr + δr
∂vr
∂z

+
∂δθ
∂z

vθ + δθ
∂vθ
∂z

+
∂δz
∂z

vz + δz
∂vz
∂z

)]
Use equations A.7-1, A.7-2, and A.7-3.

= (δrvr + δθvθ + δzvz) ·
[
δr

(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δz
∂vz
∂r

)
+

δθ
r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δz
∂vz
∂θ

)
+ δz

(
δr
∂vr
∂z

+ δθ
∂vθ
∂z

+ δz
∂vz
∂z

)]
Evaluate the dot product.

= vr

(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δz
∂vz
∂r

)
+
vθ
r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δz
∂vz
∂θ

)
+ vz

(
δr
∂vr
∂z

+ δθ
∂vθ
∂z

+ δz
∂vz
∂z

)
Factor the unit vectors.

= δr

(
vr
∂vr
∂r

+
vθ
r

∂vr
∂θ
−
v2θ
r

+ vz
∂vr
∂z

)
+ δθ

(
vr
∂vθ
∂r

+
vθvr
r

+
vθ
r

∂vθ
∂θ

+ vz
∂vθ
∂z

)
+ δz

(
vr
∂vz
∂r

+
vθ
r

∂vz
∂θ

+ vz
∂vz
∂z

)
We only care about the θ-component.

[v ·∇v]θ = vr
∂vθ
∂r

+
vθvr
r

+
vθ
r

∂vθ
∂θ

+ vz
∂vθ
∂z

Therefore,

[v ·∇v]θ = vr
∂vθ
∂r

+
vθ
r

(
vr +

∂vθ
∂θ

)
+ vz

∂vθ
∂z

.

Part (f)

We will find an expression for ∇v and then use that to determine (∇v)†. Once we know both we
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can determine the sum of the two.

∇v =

(
δr
∂

∂r
+ δθ

1

r

∂

∂θ
+ δz

∂

∂z

)
(δrvr + δθvθ + δzvz)

= δr
∂

∂r
(δrvr + δθvθ + δzvz)

+
δθ
r

∂

∂θ
(δrvr + δθvθ + δzvz)

+ δz
∂

∂z
(δrvr + δθvθ + δzvz)

Apply the product rule.

= δr

(
∂δr
∂r

vr + δr
∂vr
∂r

+
∂δθ
∂r

vθ + δθ
∂vθ
∂r

+
∂δz
∂r

vz + δz
∂vz
∂r

)
+

δθ
r

(
∂δr
∂θ

vr + δr
∂vr
∂θ

+
∂δθ
∂θ

vθ + δθ
∂vθ
∂θ

+
∂δz
∂θ

vz + δz
∂vz
∂θ

)
+ δz

(
∂δr
∂z

vr + δr
∂vr
∂z

+
∂δθ
∂z

vθ + δθ
∂vθ
∂z

+
∂δz
∂z

vz + δz
∂vz
∂z

)
Use equations A.7-1, A.7-2, and A.7-3.

= δr

(
δr
∂vr
∂r

+ δθ
∂vθ
∂r

+ δz
∂vz
∂r

)
+

δθ
r

(
δθvr + δr

∂vr
∂θ
− δrvθ + δθ

∂vθ
∂θ

+ δz
∂vz
∂θ

)
+ δz

(
δr
∂vr
∂z

+ δθ
∂vθ
∂z

+ δz
∂vz
∂z

)
Distribute the unit vectors.

= δrδr
∂vr
∂r

+ δrδθ
∂vθ
∂r

+ δrδz
∂vz
∂r

+
δθδr
r

(
∂vr
∂θ
− vθ

)
+

δθδθ
r

(
∂vθ
∂θ

+ vr

)
+

δθδz
r

∂vz
∂θ

+ δzδr
∂vr
∂z

+ δzδθ
∂vθ
∂z

+ δzδz
∂vz
∂z

Now (∇v)† can be obtained by taking the transpose of this tensor.

(∇v)† = δrδr
∂vr
∂r

+
δrδθ
r

(
∂vr
∂θ
− vθ

)
+ δrδz

∂vr
∂z

+ δθδr
∂vθ
∂r

+
δθδθ
r

(
∂vθ
∂θ

+ vr

)
+ δθδz

∂vθ
∂z

+ δzδr
∂vz
∂r

+
δzδθ
r

∂vz
∂θ

+ δzδz
∂vz
∂z

The sum is thus

∇v + (∇v)† = δrδr

(
∂vr
∂r

+
∂vr
∂r

)
+ δrδθ

[
∂vθ
∂r

+
1

r

(
∂vr
∂θ
− vθ

)]
+ δrδz

(
∂vz
∂r

+
∂vr
∂z

)
+ δθδr

[
1

r

(
∂vr
∂θ
− vθ

)
+
∂vθ
∂r

]
+ δθδθ

[
1

r

(
∂vθ
∂θ

+ vr

)
+

1

r

(
∂vθ
∂θ

+ vr

)]
+ δθδz

(
1

r

∂vz
∂θ

+
∂vθ
∂z

)
+ δzδr

(
∂vr
∂z

+
∂vz
∂r

)
+ δzδθ

(
∂vθ
∂z

+
1

r

∂vz
∂θ

)
+ δzδz

(
∂vz
∂z

+
∂vz
∂z

)
.
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Therefore,

∇v + (∇v)† = δrδr

(
2
∂vr
∂r

)
+ δrδθ

[
∂vθ
∂r

+
1

r

(
∂vr
∂θ
− vθ

)]
+ δrδz

(
∂vz
∂r

+
∂vr
∂z

)
+ δθδr

[
∂vθ
∂r

+
1

r

(
∂vr
∂θ
− vθ

)]
+ δθδθ

2

r

(
∂vθ
∂θ

+ vr

)
+ δθδz

(
1

r

∂vz
∂θ

+
∂vθ
∂z

)
+ δzδr

(
∂vz
∂r

+
∂vr
∂z

)
+ δzδθ

(
1

r

∂vz
∂θ

+
∂vθ
∂z

)
+ δzδz

(
2
∂vz
∂z

)
.
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